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in tht_e theaia the· p~o:t>lem of a ~.~roidal shell of 
elliptical profile is considered from the point. of' view of 
t.he small deflection theory of' thin shells o:f revolution 
,1.oaded symmetrically with respect to their axis. Solu-
tione, o,f sue~ problems_ are (0µ1,1d by applying method- Qt 
........ ':Jo 
a.symp:;·;·tic integration of a differential equation involv-
ing a large parameter multiplied by a f'unction which 
vanishes at certain points • 
-- ·--~·-~- --·-=--- .. - ---·Tne ·prob~em --1r:.rs ·oe-en ··rormut:a-t-el!· by··· ·c--011-s111-ertng--
the f'inite deflttction theo~ of:thin shells of' revolution 
eubJected to rotati~nal).y symmetric loads, (see Part 2). 
·::1 
In thl.e, all the necessary expres'sions for the required 
quantities have been shown. The notation and the method 
of approach of E. Reissner (6) have been adopted through-
out this work. Reference (6) also contains ref'erencee 
~g~~,~~!!!g ~~' hJ@!Q~iQ.14J.. 4eT~J..Qpment of tb'-' ~~bJ~ct, 
Part 3 deals w.ith the system of ,quations from po~nt 
Qf view f>!-: f3mall ( ~iIJ.~arized )_ deflection theory. _______ _'!'hi~--------- __________ _ 
- .. --- ,4 . . _.· .. ;~ 
system of aequati·ons fol.lows tnun~diately f"rom the relati·on~a - ~-·- ~. u···,01 
-"---·•----.. ····-·-,--· .... , .... ----------- ... _c__ _____ cc. - -•- - --- --- ... _ · --- ·. .............. ------ ----·- --- ----- .. --- -----· -•---···---~ .... c .... -: • ...c.-•·-·--•~---·"-------.. ---·=.'....-.~ .. ,-~·,~-~l 
. - -- --------------------·----._ ______ ........... ___ , _______________ ,, _______________________ ...... ---------------·----- _-----· - ~ - . - .• '.'l'J 
,, 
eultin·g differential equa,tions has been written clown • 
.. 
In Part·--4 t .. he 'basic r::&.lations d.eve1oped in Fart 3 •r•· 
the'1 ElJ>p-lied- to o\lr p~t-ioula.r problem of tQ __ r=-~o-=i-=d=a=l_____::'.'.s:...:::..:h~e:..-=1:..:::1=--------~ 
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'With elliptical profile. ·The complete calculations to de-. 
rive the relations for the particular,quantities have been 
----------.1s-b-o-w-n.,.._-±n append-t-c-e-s.~-----An----approximate::~::su-luti~n-~ the-·r-e-
• ·'Q 
sultins -di:f:ferential equa·tion has been worked out 'by t~e 
metliod of asymptotic integration suggested by· R. A. -Ol·ark 
(2) in his recent paper. 
It may be appropriate tc, say here that t·lle general 
. . .., .. .,. ... ·-problem of' determining rotational.ly~symmetric stress dis-
tribution in thin shells of rev~lution may be- rod~ced to 
that or solving two coupled Et,econd 'Ord·er differential 
equations. Using the formulation of_ R_. A.. C,!a._~~ (_2) the 
di£:ferentia1· equations f'or small def~ectt_~n may ·-oe written 
in the form 
n 
x--
" y -
where priJQe indicates diff'erentiation with respect to an 
independent variable,I, which is the parameter in a repre--
sentation of' the middle surface of' shell and the coef£i~ 
cients e1 , e2 , and along with quantities F and G are-----~------
... 
functions of this parameter. 
-~ :. --~~~::.::: : __ :-__ :: ~ ·~~·~t:•-par-ame*e-r=-ft· 4-;:&--t-~arge -,,e~ -~:m····oi>iitn~:~ajipji-ximff-e-~~-:-,~~~ ~~~~~~::":-:~~=:-~=~~~~~~~i 
• n, • ._. 
--------------------- solwM-on----o-f!---t-he-----a-hove:- equations by applying--:-mtr~no 
.. 
-· ---·-····- -· 
asymptotic integration. The usual m~tbod of asymptotic 
integration assumes that the term involving the parameter 
. -
--~ -~, :- -: --~----1 
is_ large everywhere. For a toroidal shell f vani-~~ --
-------=--~-
·- ---~~-------·--
- · -- some points; co~seque~tJ.y, ~~e 9J.!'4~nary as)'111p~ot.ic 
-~----
·····----~~~~~--.......................................... _1!1!111111 __ 111111111 __________ _ 
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int•·gration theory . is valid only fetr regions of 
+_is ~ot . small • For regiOllS where cf, is s~all it is pos:. 
,.· 
>-· sible to make a separate -approxirnation but it is much more· 
desirable to hav~ ~ single rep~esentation for a solut~on 
which i_s va.lid regardless ot the s-ize of top .• Such a repre•. 
"""' 
.,•• ., • ..,,., •• ,,1p.,ig_.".,.u 
.... 
s;e,,r1tation has bee·n ·s·liown· by R. A. Clark_ (2) £.or th_e solu-
tion of" non-homogeneous equa tio.ns. This also happens to 
The advantage of asymptotic integration met)lods is 
. ' 
that the accuracy of re~µlt-s so obtained incre~see as ·the 
other hand become less practical as IJ becomes large. How-
ever, i:f µ is not too large, either powe.r series or methods. 
0£ auocessive approximation may be used • 
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Plll'l'B \·DEl'LECTXON' .THEORY OF Tl1IN SHELLS OF R_EVOLUT:tOB: r . • · t: 
· · ·· -strit.JECTE» To ROTAT:tONALLr sYMMET~:rc to~s · f 
-
3.1 · Geom!try of Thin Shells of Revolution:: 
,'1.. \ 
Zn a shell with rotational sym.in.etry the 111ld,4:i, •tqt• 
-' 
tace is given by pa~ametric equations 
,'· 
Z:. %("!.) (2,i) 
,f .. 
-
where r, z, and angle~ &t'e the cyl'illdrical coordinate• ot 
middle surface shown in~ Fi~e. (1"1. 
between r direction and the tangent to a meridian. Then, 
I I 
r ·: °' cosq, % = cl: Sirtcp 
where ti."- = (r')t-t" lz.')'" (2 2) 
' ,,,, ..• -,~, .. 
_p~~••~t,r IJ • 
Curvilinear coorclina.te• I 
- - -Let i, J, k be unit vectors in x, y, and z direction, 
respectively as shown in Figure (2).· The radta.i and cir-
---· -CUlllterential unit vectors Jr a,Jld J
9 
·are the;n defined by 
'-.l'.,._ ~ -=- . -Jr-~ l cos.e +js,t1e, .. - ... de= -isine+'1t;~$G. 
. - . 
-------- - .- - -
.,...d t~gentialr---~·aii:cl·"'normal unit vectors J, and n becomt.t 
.r 
. ·1 
· :_ ·rr 
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t i 
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. --- -- . }F 
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111·· 
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..... ~ -·~ ...cc __ • . .· ~ ~ ~. ~ ~!'~~±~ SirJ'2, ·... i .;;~sirt¢.,,JlcoSql• •••••.••cc••~ ••• ,.,;(a..lfl= - ~~ ~:: j. 
-
'Phe radius vector R- to any point of thi-shell ~•Y ~~1f 
- --·----·-- -- ~------- ---
-
~e written in the rorm 
"- . 
;_"' . 
. ;· . 
-----~---~- ---
':-J tt'~~ 
. ___ . ___ - ------- ---·---------
- ,' .. -~ l. -
},.:.." • . .-
·- ---' 
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__ ...,_._._. ::,. 
,.!.;j, 
. . 
-·-------~-·----·--- - -----------------. ----- ·---·------- ·------· ·--· --------------------------,---- ---- - -,-------~--- -
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f /· 
I , ~ 
.·/ - ,. / 
I f 
. ·/ . . ... - . ·-; . . 
. :! 
. ,:c~:~~ f . r~presenh .. the_ di,atanc~ 91'_ 1;.,.1a_j,!):I,~~ _l':r:otll_:__f;)l~ . 111id- .. ·.· .. . c_}~·-··· _ t 
/ . . . . . . . ,.., .. ,. .. , ............ ·,'. . .. ·····.,;:.: 
· / dle surface. · The quantities G , e, f define a .. system ot_ ... ,, 1.,.,.,,.,:,,L---~'-.·  ~~=~-=--{ II 
. orthogon~l curvil·inear· coordinates in space ff/ The me·ridi- ·L. 
~#al line element is of: the to1lowi11g for111 (aee App~ndix 1): ·· 
~ d$ .. ::dR·df< 
= r/. Q- J#)2d!1 +r•(t -f~Jda2.+4f1 
-~ \ - . 
:\ 
.fri,ciJ>~l r,ifi ot ~urvatu~f of the .~:ldc\!~e 's·qi1'f11!&1 
• 
--····--'•A_,. 
From FigureEJ ( 3) and (4) the principal radii of' 1.:µz-v~::·. 
ture in circumferentia.1-~ .meridiona1 directions can ·\)e 
·.• ,·; .. 
. ,. .. 1tten as £ollows,:. .... 
R1= 
·--· -·-- -
- -·----- ·-~. -----·-
a.2 ~uations for Strain: 
Xt' the subscript o refer• ~o the qn.4efQ~ed IQiddl, 
•q~tace, the parametric eq~ations of the de€oraned mid~~• 
1qr£ace can be wri tte1i" in the :following .. fol'III.: 
- . -.·.- . ._;. . ' .. 
r= ro+u, Z: Zo+W 
'4t qq,anti ties u and w are then the c,~JDP~.~,:~~• ot dJ•~ 
• • C • • ._ ,-. ·~ • r •• • 
p.l,«!~ement in the radial and axial di~ectiona as s)l,qYJJ !ff . 
l'!im~e- ( 5). --Also let 
-~- -
·c·. a-.~··>·•·· f·,_..~. 
.,._,. -·· 
-.~ere fl is the anile ·e11cJ.;c,:atu1 ~Y the ~~•·~~- *~ the de~ 
-· ... .,.,J, 
·-·~~·-·'----'--"'""• ~·-t :........::---:.___:_....._..: .;;..._.. ...... 
tormed and unde(ormed met"id~an at···the same material po~n~! 
Th, assumpt.ion is now made tha~- d,tol'l1l.a~io1u1 due i;o 
,,··,---
·1.. ..... --
.. . 
' L •. "''" 
' - .. ~-- I -.• 
L 
'~}'-
·,5_' 
. ·. :f: 
-~;: 
{:(, I 
,'; 
t ;t 
· .. -.. ---~ ··1J 
. . - ~ -< 
. ... ; 
J 
f\ 
----
·•··. -· 6 
. . 
. transverse . .' shear stress are neglected compared with the 
..... 
---::--~:--.·;----- .deforma~~9ns due --to -remaining stresses. _ 
D 
·-- _ The meridional :line ·elements £or· deformed and unde-
fo~ed she11·are 
- ·----·--·---- - _________ . ___ ;. _____ .. ---··· 
c ·. • ..... : C • . • . ,, . .• • . 
-- . . . .. . ·i 
· · 45"" = oi:\1- t ~)dS2 +ri( 1-f ~) de +d ~ 2 {2.6) 
.,. ...... 
., 
. - ----·· ---····,·. · ... ---·· ------------,>-- ---·- ·- --------·------· ----- -- ·-··- ··- - --- .. - ·----:c ,- - -- - • - • ' • .;!_ - .. --·-·· ~--··--·-·--· ··---- ·- .. · ._ .. ,.,.,- ...•. --····"'~----·----
els!::~:,•-~ f)tif+ ro'( ,.:~ s~tt>oJde,.+ d!i 
~·· -·---·-·--- --------·------ ·--·-- ~. .. ... . .. --- _._,,. ·---·····--------·- -------
lt~m which component·· or strai.n in ~ericliontl direct:l.c>n can 
" - ·a.· •. _· - ~- ---,:..:.... ,,___ ,- .. _..:,-_::,_~.- • _ • .,.. 
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, _ _._.,,....._:··:: 
.•.. 
.;__ •~C 
cfs,-dso, 
'.(~·-d:o)- f(q,-_tl>o)· 
- oCo(I ~ f/R40) 
. •-,·--·.··· ~ ---•·--•--·--··-·- --- -
----------··- -·----·------
-1-i~ii..~rl,y we can write - · 
·._,. ;,, 
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~~glecttld in the denominators and we get_ 
: - -1_ ( ct,-t:l>o). ea= 
- tl.o -. , r-ro ro 
--~----=-·-. 
. ---:". 
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The curvature change: 
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JS given in--Equ·ations (2ol4) .and (2ol6) respectively, in 
·- r 
. ·: ... ~._· .. ·: 
·)/-
/ ·. 
:;--. . . ~-----::----:;----:--,--""!"•""""_, ~--Tilili..:';;_.jr ~--.. -. .- ---- " ~ " LJ_. • ~ •. -. 
( . 1 l 
! . • ..•.. f] 
i . • " . · ... ··· it~ 
f 
.• . 
. :,········,-. ,...._. ·.····- ~:·~~-::-
- 8 
.. '(: ... •. 
·..:..==---
_--·_term• ot a.ngle S ia ot tJte· ·_ro·11c,vit1g fqrm ( see Appendix· 2): 
- . "" '·-· .. -·· . '.. ... 
f·--.-· --- _ _:-,-__..,__,_c._:_.c,_-"---~-~- " -· 
. (-
itu- _ •. ,., .• coscl>o ______ +- o;_ S..in.4-lo 
Al - f'il. . fe N 2. ~ . + "' • •. • • • ~
· · .. · 0 . 0 ,•. ,,, .. 
. --·-··------.-
(2.18) 
C.: _._ •.... ···(u')· II . ... .•. . 2(J. : .... t ·\ (' u's1· ·.·_ ·, ..... · __ ·_. >-. . ·:-~ lti,.:= .?"'- .... ,, tQ114>o +S · "f+to11ct>o1- -. ro'fton~+~· ..... _ (·,· 
:· ' . . . - \ 
·. ·. :.,'·-·,,, . ,' ':" -~ -~ . . . . - .· .·. . ' . \ 
._~ .~J\teae~on tor ax-ial. displacemen~.: . 
·.:;·.·.-· :·_;. ·.· 
-(--1'.1 1-o, __ ........ , .... ,.. - r· 
· --'w-•-· · 7.rl---..,''".""'····""'·''- 'C., .. ___ ···-;····:··_-·- t·.·. 
. ---~~~- . . . r· 
,,,' 
- -···· .:··.1 
, •' b:.'.: 
I:-· .. 
' 
·- ----- ___ ,._ -- -
--------- ---- -------·- -· 
. ·' 
: ·:{::•' 
.. 
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(see Appendix 2) 
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u~itas tor rf!eultant etreseea 1µ1d .co1Jple• have l>een taken 
~· pc,unde per inch, and pound-inch per inch respect·ively. 
Vector representation of' resultant stresses and couples: 
The resultant -stresses.and couples ae defined by ---~ 
h~ation (2.25) .. may now be tom~_ined to £orm resultant 
stress and coup~e vectors as followss 
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· alternate £orm 
' :wJiere the radial strOfJ8. resultant H and axial. strQstt · r·e- -
}~~1tant V are related to N~ .and Q as. _.foll_ows: 
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:1f:·lt ·· · J>t.tteren-tial Equations 0£ Equilibri\Ull; 
The stress ,resultants N4, ?fe, and· Q, and the· st;-ess 
~~~uples, .. M9 and 115 , along with load intensity P acting on 
- an element o.f she11 are shown in Figure- ( 6). The result-
ing force equilibrium condition £or ·:e-i-ements of shell may 
_ __ __ qow be- wri t·ten in the :following vectorial rtlpr~~e~tation: 
(2.31} 
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.lfe.::get. the -£ollotii.ng. three scalar equilibrium condi-t-ions 
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·.·· ... 2.5 Stress-Strain Relations: 
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-~ complete system of equaiiio~s £or the prc,blem. 
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goiltg an~lysis by referring the di:f:ferential eq~ations of 
·,·eo__. .. , • 
equilibrium to the undeformed shell and also by omltting 
all the non-linear terms irf •the expressions for_, straiii as 
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System at Equat~ons for Small-deflection T~eory: 
For small di·splacements. th~ equations f'or strain, 
a£ter omitting all the non-linear terma, ___ ,_in tile expressions 
.tQr-· etrain as derived in Part 2 and. dropping suba.eript o, 
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take the foll<>wing form: 
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PART 4. 
. ... 
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·· · For a toroidal shell o-£ ellipti:eal cross-section, · the 
:p~fmru~tr~c equation (2.1) may be _taken in the form 
,_,._. -.. ' 
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· r = a.+ b Sint , 
•• •• 
4
,.- .t:~1 
z. = --c cos-~ . (4.1J ·: · :?:: 
. . . .;.-i:I 
-~j~;e b ~<J C a%'& the ,,~eJlliaxe.! of. the oro&,8-a~ct~~n, ~«\ f, . . - ... ) 
is the di13tance of the centre line, see Figure (7). 
c:c,r<ling to Equations (2t!2) we then have 
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Motilbai and Lalchan~ Navalrai, both deceaseq. 
Re graduated :from the College of Engineering, Poon,a, 
.,..Jfdi .. a, in March 1953 wi.~J:l .. ~~he~ ..• Jiachelor• s.-4-if.F&··!n Blec-
tr~cal and Mechanical Enginee.ring. 
After one year 0£ training at the Hindust• ebipyarcl 
at Vizagapatam in India, he proceeded to Canada in ·1954 'to 
.. 
Join the Canadian Vickers, Ltd. at Montreal (Quebec) for 
t~rther practical t~aining. Later he worked with the 
Atlas Steels Company, Ltd., Welland (Ontario.) ae a deaiS!l 
engineer. .. f ~ .,.,., .• ,,. ' • ' ••.. 
; 
In September 1957 he was accepted as a graduate stu-
dent in Mechanical Engi~eering, and was awarded a graduate 
aaeist8.;lltship, at Lehigh Universityo Currently he is 
working towards a Master's degree in Applied Mechanics. 
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